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FUNCTION SPACES AND CONTRACTIVE EXTENSIONS IN
APPROACH THEORY: THE ROLE OF REGULARITY
EVA COLEBUNDERS, FRÉDÉRIC MYNARD AND WILLIAM TROTT
Abstract. Two classical results characterizing regularity of a convergence
space in terms of continuous extensions of maps on one hand, and in terms of
continuity of limits for the continuous convergence on the other, are extended
to convergence-approach spaces. Characterizations are obtained for two alter-
native extensions of regularity to convergence-approach spaces: regularity and
strong regularity. The results improve upon what is known even in the conver-
gence case. On the way, a new notion of strictness for convergence-approach
spaces is introduced.
1. Preliminaries
For a set X , we denote the set of all filters on X as FX , and the set of all
ultrafilters on X as UX . We order FX by inclusion of families. We denote the set
of ultrafilters finer than some F ∈ FX as U(F), and the principal filter of A ⊆ X is
denoted {A}↑. More generally, ifA ⊆ 2X then A↑ := {B ⊆ X : ∃A ∈ A, A ⊆ B}. If
f : X → Y and F ∈ FX , then the image filter is denoted f [F ] := {f(F ) : F ∈ F}↑.
Note that if F ∈ FX and S : X → FY then
S(F) :=
⋃
F∈F
⋂
x∈F
S(x)
is a filter on Y .
For some relation ξ between FX and X , for x ∈ X and F ∈ FX , we say that
F converges to x in (X, ξ), denoted by x ∈ limXF , or x ∈ limF if no ambiguity
arises (1), if (F , x) ∈ ξ. We say (X, ξ) is a preconvergence space if it satisfies the
following conditions:
F ≤ G =⇒ limF ⊆ limG;
∀F , G ∈ FX, lim(F ∧ G) ⊇ limF ∩ limG,
and a convergence if it additionally satisfies
∀x ∈ X, x ∈ lim{x}↑.
Of course, every topology can be considered as a convergence, setting x ∈ limF if
and only if F ⊇ N (x), where N (x) denotes the neighborhood filter of x.
Given convergence spaces X and Y , a map f : X → Y is continuous if
f(limXF) ⊆ limY f [F ].
The category with convergence spaces as objects and continuous maps as morphisms
is denoted Conv.
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1More generally, we can extend convergence to filter-bases by limB := limB↑, so that we do
not distinguish between a filter-base and the filter it generates unless explicitly needed.
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Convergence-approach spaces, introduced in [8], generalize convergence spaces.
The pair (X,λ) is called a preconvergence-approach space if λ : FX → [0,∞]X
(where [0,∞]X is ordered pointwise) satisfies (2)
∀F ,G ∈ FX, λ(F ∧ G) = λ(F) ∨ λ(G),
and a convergence-approach space, or shortly a CAP space, if it additionally satisfies
(1.1) ∀x ∈ X, λ({x}↑)(x) = 0.
We often denote a CAP space (X,λ) simply by X and we denote by λX the asso-
ciated limit.
A function f : X → Y between two convergence-approach spaces is a contraction
if
λY (f [F ]) ◦ f ≤ λX(F)
for every F ∈ FX . We denote by Cap the category of convergence-approach spaces
and contractions. This is a topological category over Set, so that subspaces and
products are defined as initial lifts of their corresponding structured sources in Set.
Each convergence space (X, ξ) can also be considered a convergence-approach
space by letting
λX(F)(x) =
{
0 if x ∈ limXF
∞ otherwise.
A map f : X → Y between two convergence spaces is continuous if and only if it is
a contraction when X and Y are considered as convergence-approach spaces.
Conv is embedded as a concretely reflective and concretely coreflective subcat-
egory of Cap: If X is a convergence-approach space, the Conv-coreflection c(X)
is defined by x ∈ limc(X)F if and only if λ(F)(x) = 0, while the Conv-reflection
r(X) is defined by x ∈ limr(X)F if and only if λ(F)(x) <∞.
Given a CAP space X , a subset A of X and ǫ ≥ 0, let
A(ǫ) = {x ∈ X : ∃U ∈ UX, A ∈ U , λ(U)(x) ≤ ǫ},
and A(ǫ) := {A(ǫ) : A ∈ A} whenever A ⊆ 2X . Note that
A(0) = adhc(X)A :=
⋃
U∈U(A)
limc(X)U
A(0) = adh♮
c(X)A := {adhc(X)A : A ∈ A}.
Let ⊕ : [0,∞]× [0,∞]→ [0,∞] be a commutative and associative binary opera-
tion such that
(1.2) 0⊕ r = r
(1.3) r ⊕
∧
a∈A
a =
∧
a∈A
(r ⊕ a)
2This condition implies in particular that
F ≤ G =⇒ λ(F) ≥ λ(G).
REGULARITY IN CAP 3
for every r ∈ [0,∞], and A ⊆ [0,∞] (3). The two leading examples are the usual
addition + of [0,∞] (where a+∞ =∞ for all a ∈ [0,∞]), and pairwise maximum
∨. Note that (1.3) ensures that ⊕ preserves order, that is,
(1.4) a ≤ b and c ≤ d =⇒ a⊕ c ≤ b⊕ d,
and thus ∨ ≤ ⊕, by combining (1.4) with (1.2). Moreover, (1.3) also gives
(1.5) (a+ ǫ)⊕ (b + ǫ) →
ǫ→0
a⊕ b.
A convergence-approach space (X,λ) is ⊕-regular if
(1.6) λ(F (ǫ)) ≤ λ(F)⊕ ǫ
for all F ∈ FX and ǫ ∈ [0,∞]. +-regularity and ∨-regularity are usually called
regularity and strong regularity respectively [1]. An alternative characterization of
⊕-regularity is available (see, e.g., [1]): a CAP space (X,λ) is ⊕-regular if and only
if
(1.7) λ(l[F ]) ≤ λ(S(F)) ⊕
∨
a∈A
λ(S(a))(l(a))
for every A 6= ∅, l : A→ X , F ∈ FA, and S : A→ FX . In particular, a convergence
space is regular if it is regular (equivalently strongly regular) when considered as a
CAP space (4).
Regularity can be localized: we call a point x of a CAP space a ⊕-regularity
point if (1.6), equivalently (1.7), is satisfied at x.
A CAP space (X,λ) is ⊕-diagonal if
λ(S(F)) ≤ λ(F) ⊕
∨
a∈X
λ(S(a))(a)
for every F ∈ FX and S : X → FX . Note that a +-diagonal CAP space is usually
called diagonal.
A pre-approach space X is a CAP space satisfying
λ
( ⋂
F∈D
F
)
=
∨
F∈D
λF ,
for every D ⊆ FX . A convergence space that is a pre-approach space when
considered a CAP space is called pretopological. A pre-approach space that is
+-diagonal is called an approach space (e.g., [8]). More generally, we call ⊕-
approach space a pre-approach space that is ⊕-diagonal. ∨-approach spaces are
also called non-archimedean approach spaces, because a metric approach space is
non-archimedan in the metric sense if and only if it is non-archimedean in the Cap
sense [1]. When a (pre)topological space is considered as a (pre)approach space,
or a convergence-approach space, we may talk of a (pre)topological (pre)approach
space, or a (pre)topological CAP space.
3that is, [0,∞] is a quantale for the reverse order, with neutral element 0.
4that is, if limF ⊆ lim(adh♮F) for every filter F , equivalently, if limS(F) ⊆ lim l[F ] for every
A 6= ∅, l : A→ X, F ∈ FA, and S : A→ FX with l(a) ∈ limS(a) for each a ∈ A.
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2. Regularity and Hom-structures
Given CAP spaces (X,λX) and (Y, λY ), consider on the set C(X,Y ) of contrac-
tions from X to Y the approach limit
λ[X,Y ](F)(f) := inf{α ∈ [0,∞] : ∀G ∈ FX, λY 〈G,F〉 ◦ f ≤ λX(G) ∨ α}
where 〈G,F〉 := {〈G,F 〉 : G ∈ G, F ∈ F}↑ and 〈G,F 〉 := {h(x) : h ∈ F, x ∈ G}
(5). This defines a CAP space [X,Y ] with underlying set C(X,Y ) that turns Cap
into a cartesian-closed category. Note that λ[X,Y ] makes sense when defined on Y
X
even though the resulting structure is a preconvergence approach that satisfies (1.1)
only at functions f ∈ C(X,Y ). We will not make a notational distinction between
λ[X,Y ] defined on C(X,Y ) or on Y
X . If X and Y are convergence spaces considered
as CAP spaces, then r[X,Y ] = c[X,Y ] is the usual continuous convergence, that
we will also denote [X,Y ].
We define the ⊕-default of contraction of a function f ∈ Y X , denoted m⊕(f),
in the following way:
m⊕(f) := inf{α ∈ [0,∞] : ∀G ∈ FX, λY (f [G]) ◦ f ≤ λX(G)⊕ α}.
It is clear that a function f is a contraction if and only if m⊕(f) = 0. Note that
m+(f) ≤ m∨(f).
Theorem 1. If Y is a ⊕-regular convergence-approach space, X is a convergence-
approach space, and f ∈ Y X then
m⊕(f) ≤

 ∧
F∈F(YX)
λ[X,Y ](F)(f)

 ⊕

 ∧
F∈F(YX)
λ[X,Y ](F)(f)

 .
Conversely, if Y is not ⊕-regular, there is a topological space X and f ∈ Y X with
m⊕(f) >
∧
F∈F(YX)
λ[X,Y ](F)(f).
We will need the following observation to prove Theorem 1.
Lemma 2. If α ∈ [0,∞], G ∈ FX, F ∈ F(Y X) and f ∈ Y X satisfy
λY (〈{x}
↑,F〉)(f(x)) ≤ α,
for every x ∈ X, then
f [G] ≥ 〈G,F〉(α).
Note that the case α = 0 states that if F converges pointwise to f ∈ Y X then
for any G ∈ FX , f [G] ≥ adh♮
c(Y )〈G,F〉.
Proof. Let x ∈ G for some G ∈ G. We consider the filter 〈{x}↑,F〉 on 〈G,F 〉 for
F ∈ F . Then by the assumption,
λY (〈{x}
↑,F〉)(f(x)) ≤ α,
5We could consider a variant with a tensor ⊕ on [0,∞] verifying (1.2) and (1.3):
λ[X,Y ]⊕(F)(f) := inf{α ∈ [0,∞] : ∀G ∈ FX, λY 〈G,F〉 (f(·)) ≤ λX(G)(·) ⊕ α},
but that would make little difference in our results, even though it would complicate statements
by forcing the introduction of two different tensors on [0,∞]. Thus we prefer focusing on the
canonical hom-structure [X, Y ] of Cap.
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so f(x) ∈ 〈G,F 〉(α). Thus f(G) ⊆ 〈G,F 〉(α) for any G ∈ G and F ∈ F , so
f [G] ≥ 〈G,F〉(α). 
Proof of Theorem 1. Let Y be a ⊕-regular convergence-approach space and let
c :=
∧
F∈F(YX)
λ[X,Y ](F)(f).
For ǫ > 0, there is an Fǫ ∈ F(Y X) such that λ[X,Y ](Fǫ)(f) < c+ǫ, and, by definition
of λ[X,Y ], there is αǫ < λ[X,Y ](Fǫ)(f)+ǫ < c+2ǫ such that λ 〈G,Fǫ〉◦f ≤ λX(G)∨αǫ
for every G ∈ FX . In particular,
λ
〈
{x}↑,Fǫ
〉
(f(x)) ≤ λX({x}
↑)(x) ∨ αǫ = αǫ
so that f [G] ≥ 〈G,Fǫ〉(αǫ) by Lemma 2. Since Y is ⊕-regular,
λY (〈G,Fǫ〉
(αǫ)) ◦ f ≤ λ 〈G,Fǫ〉 ◦ f ⊕ αǫ ≤ (λX(G) ∨ αǫ)⊕ αǫ,
≤ λX(G)⊕ (αǫ ⊕ αǫ),
using (1.4) and the fact that ∨ ≤ ⊕. Thus λY (f [G])◦f ≤ λX(G)⊕(αǫ⊕αǫ) because
f [G] ≥ 〈G,Fǫ〉(αǫ). However, αǫ ⊕ αǫ < (c+ 2ǫ)⊕ (c+ 2ǫ), and since ǫ is arbitrary,
the inequality becomes λY (f [G]) ◦ f ≤ λX(G) ⊕ (c ⊕ c) by (1.5), and we conclude
that m⊕(f) ≤ c⊕ c.
For the converse, assume that Y is not ⊕-regular. Then there exists A 6= ∅,
l : A→ Y , S : A→ FY , H ∈ FA, and y0 ∈ Y such that
(2.1) λY (l[H])(y0) > λY (S(H))(y0)⊕
∨
a∈A
λY (S(a))(l(a)).
Let X := (Y × A) ∪ A ∪ {x∞} where x∞ /∈ A. Define pY : Y × A → Y by
pY (y, a) = y for all (y, a) ∈ Y × A, and let f : X → Y be defined by f|A = l,
f|Y×A = pY , and f(x∞) = y0. Let
N :=
⋃
H∈H
⋂
a∈H
(S(a)× {a}↑) ∧ {a}↑.
Now we define λX by, for all a ∈ A and y ∈ Y :
λX(G)((y, a)) :=
{
0 if G = {(y, a)}↑
∞ otherwise
λX(G)(a) :=
{
0 if G ≥
(
S(a)× {a}↑
)
∧ {a}↑
∞ otherwise
λX(G)(x∞) :=
{
0 if G ≥ N ∧ {x∞}↑
∞ otherwise.
Note that X is then a topological CAP space and that
m⊕(f) > λY (S(H))(y0)⊕
∨
a∈A
λY (S(a))(l(a)),
because of (2.1) and f [H] = l[H].
Let P := {h ∈ Y X : h|Y×A = pY and h(x∞) = y0}, and for each a ∈ A, let
aˆ : Y X → Y
h 7→ h(a).
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Let
A :=
⋃
a∈A
{
aˆ−1(S) ∩ P : S ∈ S(a)
}
B :=
⋃
H∈H
{
⋂
a∈H
aˆ−1(SHa ) ∩ P : (S
H
a )a∈H ∈
∏
a∈H
S(a)}.
Then A ∪ B has the finite intersection property, and thus generates a filter F0 on
Y X . It suffices to show that
λ[X,Y ](F0)(f) ≤ λY (S(H))(y0) ∨
∨
a∈A
λY (S(a))(l(a))
To this end, by definition of [X,Y ], we only need to show that
λY (〈G,F0〉)(f(x)) ≤ λY (S(H))(y0) ∨
∨
a∈A
λY (S(a))(l(a)) ∨ λX(G)(x)
for every G ∈ FX and x ∈ X .
If G ≥ N ∧ {x∞}
↑ then 〈G,F0〉 ≥ S(H) ∧ {y0}
↑: for each B ∈ S(H) there is
H ∈ H and for each a ∈ H , there is SHa ∈ S(a) such that
⋃
a∈H S
H
a ⊆ B and〈⋃
a∈H
((SHa × {a}) ∪ {a}),
⋂
a∈H
aˆ−1(SHa ) ∩ P
〉
⊆
⋃
a∈H
SHa .
Thus
λY (〈G,F0〉)(y0) ≤ λY (S(H))(y0) = λY (S(H))(y0) ∨ λX(G)(x∞).
If G ≥
(
S(a) × {a}↑
)
∧ {a}↑ for some a ∈ A, then
〈G,F0〉 ≥ S(a).
Indeed, by definition of P ,
〈
S × {a} ∪ {a}, aˆ−1(S) ∩ P
〉
⊆ S for any S ∈ S(a).
Thus, taking into account that f(a) = l(a)
λY (〈G,F0〉)(f(a)) ≤ λY (S(a))(l(a)) = λY (S(a))(l(a)) ∨ λX(G)(a).
Finally, if G is a principal ultrafilter {t}↑ with t = (y, a) then 〈{t}↑,F0〉 =
{f(t)}↑ = y↑ and its limit value λY (〈{t}↑,F0〉)(y) = 0

In particular, considering convergence spaces as convergence-approach spaces,
we get as an immediate corollary:
Corollary 3. Let Y be a convergence space. The following are equivalent:
(1) Y is regular;
(2)
f ∈ lim[X,Y ]F =⇒ f ∈ C(X,Y )
for every convergence space X, every f ∈ Y X and every F ∈ F(Y X);
(3)
f ∈ lim[X,Y ]F =⇒ f ∈ C(X,Y )
for every topological space X, every f ∈ Y X and every F ∈ F(Y X).
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In particular, this result generalizes [9, Theorem 2.6] of Wolk, which establishes
the equivalence between (1) and (3), under the assumption that Y be topological.
It also generalizes [4, Theorem 2.0.7] in the English summary of the thesis [3], which
gives the equivalence between (1) and (3) where Y is assumed to be pretopological,
and X is only pretopological. Moreover, Corollary 3 answers positively the question
at the end of [4], whether the equivalence between (1) and (2) is valid for a general
convergence space Y .
Corollary 4. If a convergence-approach space Y is regular then for every convergence-
approach space X and f ∈ Y X ,
m+(f) ≤ 2
∧
F∈F(YX)
λ[X,Y ](F)(f).
If Y is not regular, there is a topological space X and f ∈ Y X with∧
F∈F(YX )
λ[X,Y ](F)(f) < m+(f).
Corollary 5. A convergence-approach space Y is strongly regular if and only if for
every convergence approach (equivalently, topological) space X and f ∈ Y X ,
m∨(f) ≤
∧
F∈F(YX )
λ[X,Y ](F)(f).
3. Regularity and contractive Extensions
In this section, we investigate the conditions under which a contractive map
f : S → Y , where S ⊆ X and X , Y are CAP spaces, can be extended to a
contraction defined on a larger subset of X . Such a result was recently obtained by
G. Jäger [6], but we can refine his result in a way that improves upon what is known,
even in the case of convergence spaces. As a result, we obtain new characterizations
of regular and of strongly regular CAP spaces in terms of existence of contractive
extensions of maps.
Given two CAP spaces X and Y , x ∈ X , S ⊆ X , f : S → Y and α, ǫ ∈ [0,∞],
define
HǫS(x) := {F ∈ FS : λX(F)(x) ≤ ǫ}
F ǫS(x) := {y ∈ Y : ∀F ∈ H
ǫ
S(x), λY (f [F ])(y) ≤ ǫ}
h(S, f, α) :=
{
x ∈ S(α) :
⋂
ǫ∈[0,∞]
F ǫS(x) 6= ∅
}
h(S, f) := h(S, f, 0).
Note that F ǫS(x) = Y if H
ǫ
S(x) = ∅, that S ⊆ h(S, f) ⊆ h(S, f, α) for each α, and
that if X and Y are convergence spaces (considered as CAP spaces) then
h(S, f) =
{
x ∈ adhS :
⋂
F∈FS,x∈limX F
limY f [F ] 6= ∅
}
.
Given a contraction f : S → Y where S ⊆ X , and α ∈ [0,∞], we call a function
g : h(S, f, α) → Y with g|S = f and g(x) ∈
⋂
ǫ∈[0,∞]
F ǫS(x) for each x ∈ h(S, f, α) an
admissible extension of f . If each g(x) is also a ⊕-regularity point, then we call g
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a ⊕-regular extension of f . Note that we can adopt a similar terminology in Conv
(6).
Let X be a CAP space and S ⊆ X and α ∈ [0,∞]. Then S is called an α-⊕-
strict subspace if for every x ∈ S(α) and every F ∈ FS(α) there is G ∈ FS such that
G(α) ≤ F and
(3.1) λ(G)(x) ≤ λ(F)(x) ⊕ α.
S is called ⊕-strict if it is α-⊕-strict for every α ∈ [0,∞].
S is called a uniformly α-⊕-strict subspace if for every F ∈ FS(α) there is G ∈ FS
such that G(α) ≤ F and
(3.2) λ(G) ≤ λ(F)⊕ α.
on S(α). S is called uniformly ⊕-strict if it is uniformly α-⊕-strict for every α ∈
[0,∞].
Clearly every subspace S is (uniformly) ∞-⊕-strict. When the definition of α-
⊕-strictness is applied to a subspace S of a convergence space X, all cases α <∞
reduce to α = 0. In this setting S is ⊕-strict if for every x ∈ adhS and every
F ∈ FadhS there is G ∈ FS such that adh♮G ≤ F and
(3.3) x ∈ limF =⇒ x ∈ limG
This notion coincides with what is called a strict subspace in the literature on
convergence spaces (7).
Proposition 6. If X is a ⊕-diagonal CAP space, then every subspace is uniformly
⊕-strict.
Proof. Let S ⊆ X , let α ∈ [0,∞] and take a filter on S(α) and call F is the filter
generated on X . For each x ∈ S(α), take S(x) ∈ FS such that λ(S(x))(x) ≤ α and
for x 6∈ S(α) let S(x) = {x}↑. Since X is ⊕-diagonal, for G = S(F) we have
λ(G) = λ(S(F)) ≤ λ(F)⊕
∨
x∈X
λ(S(x))(x) ≤ λ(F) ⊕ α
on X . Clearly S ∈
⋂
x∈S(α) S(x) and since S
(α) belongs to F we have S ∈ G.
We finally check that G(α) ≤ F . Let Z ∈
⋂
x∈F∩S(α) S(x) for some F ∈ F . With
u ∈ F ∩ S(α) the filter S(u) contains Z and λS(u)(u) ≤ α. So u ∈ Z(α). It follows
that F ∩ S(α) ⊆ Z(α). 
Theorem 7. Let α ∈ [0,∞] and let Y be a CAP space. If S is an α-⊕-strict
subspace of a convergence approach space X and f : S → Y is a contraction, then
every ⊕-regular extension g : h(S, f, α)→ Y of f satisfies m⊕(g) ≤ α⊕ α.
6Namely if f : S → Y is continuous for S ⊂ X, we call a function g : h(S, f)→ Y with g|S = f
and g(x) ∈
⋂
x∈limX F;S∈F
limY f [F ] for each x ∈ h(S, f) an admissible extension of f . If moreover
each g(x) is a regularity point, g is a regular extension of f .
7in this setting the definition is usually restricted to dense subsets of X, e.g., [5], but this
restriction is inessential.
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Proof. We may assume α <∞. Let g be an ⊕-regular extension g : h(S, f, α)→ Y .
Let F ∈ F (h(S, f, α)) and x0 ∈ h(S, f, α). Since S is an α-⊕-strict subspace of X
there is a G ∈ FS such that G(α) ≤ F and
λX(G)(x0) ≤ λX(F)(x0)⊕ α.
Since G(α) ∨ h(S, f, α) ≤ F we have
(f [G])α ≤ g[G(α) ∨ h(S, f, α)] ≤ g[F ],
where the first inequality follows from the assertion g(Gα ∩ h(S, f, α)) ⊆ (f(G))α.
Indeed for x ∈ G(α)∩h(S, f, α) there is an ultrafilter U on G with λ(U)(x) ≤ α, that
is with U ∈ HαS (x). Since g is an admissible extension of f , g(x) ∈
⋂
β∈[0,∞]
F βS (x) so
that in particular g(x) ∈ FαS (x) and λY (f [U ])(g(x)) ≤ α. Thus g(x) ∈ (f(G))
(α).
Therefore
λY (g[F ])(g(x0)) ≤ λY (f [G])
(α)(g(x0)) ≤ λY ((f [G]))(g(x0))⊕ α,
since g(x0) is a regularity point of Y. With λX(G)(x0) = γ, using the fact that
g(x0) ∈ F
γ
S (x0) we obtain
λY (f [G])(g(x0)) ≤ γ = λX(G)(x0).
Finally we obtain
λY (g[F ])(g(x0)) ≤ λG(x0)⊕ α ≤ λF(x0)⊕ α⊕ α

Corollary 8. If S is a ⊕-strict subspace of a CAP space X and Y is a ⊕-regular
CAP space, then every admissible extension g : h(S, f) → Y of a contraction
f : S → Y is a contraction.
In view of Proposition 6, Corollary 8 generalizes the following recent result of
Jäger.
Corollary 9. [6, Theorem 3.2] Let X be a diagonal CAP space, Y be a regular
CAP space and let S be a subspace of X. Then for every contraction f : S → Y
there exists a contraction g : h(S, f)→ Y with g|S = f .
The restriction of Theorem 7 to Conv is essentially (in fact, it is slightly more
general than) the direct part of [5, Theorem 1.1]:
Corollary 10. If S is a strict subspace of a convergence space X and Y is a
convergence space, then every regular extension g : h(S, f) → Y of a continuous
map f : S → Y is continuous. In particular, if Y is regular, every admissible
extension g : h(S, f)→ Y of a continuous map f : S → Y is continuous.
As for the converse, we have:
Theorem 11. If Y is not ⊕-regular, then there is a ⊕-approach space X, a (uni-
formly ⊕-strict) subspace S, a contraction f : S → Y , an α ∈ [0,∞), and an
admissible extension g : h(S, f, α)→ Y that is not contractive.
Proof. Since Y is not ⊕-regular, there exists A 6= ∅, l : A → Y , S : A → FY ,
H ∈ FA, and y0 ∈ Y such that
(3.4) λY (l[H])(y0) > λY (S(H))(y0)⊕
∨
a∈A
λY (S(a))(l(a)).
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Let X := (Y ×A) ∪ A ∪ {x∞}, S := Y ×A, and f : S → Y be f(y, a) = y. Let
N :=
⋃
H∈H
⋂
a∈H
(S(a)× {a}↑) ∧ {a}↑.
On X , we define the following CAP structure:
λX(G)((y, a)) :=
{
0 if G = {(y, a)}↑
∞ otherwise
λX(G)(a) :=


0 if G = {a}↑
λY (S(a))(l(a)) if G ≥
(
S(a) × {a}↑
)
∧ {a}↑and G 6= {a}↑
∞ otherwise
λX(G)(x∞) :=


0 if G = {x∞}↑
λY (S(H))(y0) if G ≥ N
∞ otherwise.
Clearly X is a pre-approach space. Moreover X satisfies the ⊕-diagonal condition,
the verification of which is left to the reader, and thus it is a ⊕-approach space.
Note that f is a contraction on S, which by Proposition 6 is a uniformly ⊕-strict
subspace. Put
α := λY (S(H))(y0) ∨
∨
a∈A
λY (S(a))(l(a))
which is finite by (3.4). We claim that h(S, f, α) = X.
Indeed, first observe that A ⊆ h(S, f, α). Since S(a) × {a}↑ contains S and has
λX(S(a) × {a}↑)(a) ≤ α whenever a ∈ A, we already have A ⊆ S(α). Moreover
for a ∈ A we have l(a) ∈
⋂
ǫ∈[0,∞]
F ǫS(a). This follows from the fact that for every
G ≥ (S(a) × {a}↑) ∧ {a}↑ on S we have G ≥ S(a) × {a}↑ and hence f [G] ≥ S(a).
This implies that λY (f [G])(l(a)) ≤ λY (S(a))(l(a)) = λX(G)(a).
Secondly observe that x∞ ∈ h(S, f, α). Since the filter K =
⋃
H∈H
⋂
a∈H
(S(a) × {a})↑
contains S and is finer thanN we have λXK(x∞) = λY S(H)(y0) ≤ α, so x∞ ∈ S(α).
Next we check that y0 ∈
⋂
ǫ∈[0,∞]
F ǫS(x∞). Let ǫ be finite and G a filter on S with
λX(G)(x∞) ≤ ǫ. Then N ≤ G and S(H) ≤ f [G]. It follows that
λY (f [G])(y0) ≤ λY (S(H))(y0) = λX(G)(x∞) ≤ ǫ
and therefore y0 ∈ F ǫS(x∞).
From the previous calculations it follows that the extension g : h(S, f, α)→ Y of
f defined by g|S = f , g|A = l and g(x∞) = y0 is admissible. We finally show that
g is not contractive. Since the filter on X generated by H is finer than N we have:
λX(H)(x∞) = λY (S(H))(y0) ≤ λY (S(H))(y0)⊕
∨
a∈A
λY (S(a))(l(a))
< λY (l[H])(y0) = λY (g[H])(y0)

Note that if in the proof above Y is a convergence space (considered as a
CAP space), then we can assume λY (S(a))(l(a)) to be 0 for each a ∈ A, and
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λY (S(H))(y0) to be 0 as well. Thus, X is then a topological CAP space. Therefore,
we recover:
Corollary 12. [5, Theorem 1.1] A convergence space Y is regular if and only if,
whenever S is a strict subspace of a convergence (equivalently, topological) space X
and f : S → Y is a continuous map there exists a continuous map f¯ : h(S, f) →
(Y, τ) with f¯|S = f .
Since every subspace of a diagonal convergence space is strict, we also recover:
Corollary 13. [2] A Hausdorff convergence space Y is regular if and only if for
every diagonal convergence space X, every subspace S of X, and every continuous
map f : S → Y there exists a (unique) continuous map f¯ : h(S, f) → Y with
f¯|S = f .
We want to thank Gavin Seal (Ecole Polytechnique de Lausanne) for his useful
comments.
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